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A CLOSED DENSELY DEFINED OPERATOR T SUCH THAT
BOTH T AND T ∗ ARE INJECTIVE AND PARANORMAL YET T
IS NOT NORMAL
MOHAMMED HICHEM MORTAD
Abstract. In this note, we give an example of a densely defined closed one-
to-one paranormal operator T whose adjoint is also injective and paranormal,
but T fails to be normal.
1. Introduction
To read this note easily, readers must have knowledge of linear bounded and
unbounded operators, as well as matrices of unbounded operators. Some useful
references related to the topics of the paper are [6], [9] and [10] respectively.
We recall a few definitions though: A linear operator A with a domain D(A)
contained in a Hilbert space H is said to be densely defined if D(A) = H . Say that
a linear operator A is closed if its graph is closed in H ⊕ H . A densely defined
linear operator A is called normal if A is closed and AA∗ = A∗A. Equivalently,
‖Ax‖ = ‖A∗x‖ for all x ∈ D(A) = D(A∗).
Recall also that a linear operator A : D(A) ⊂ H → H (where H is a Hilbert
space) is said to be paranormal if
‖Ax‖2 ≤
∥∥A2x∥∥ ‖x‖
for all x ∈ D(A2). This is clearly equivalent to ‖Ax‖2 ≤ ‖A2x‖ for all unit vectors
x ∈ D(A2).
T. Ando [1] showed that if T ∈ B(H) is such that both T and T ∗ are paranormal
and if kerT = kerT ∗, then T is normal. The proof is not that obvious as it is for
the stronger class of hyponormal operators (where the assumption kerT = kerT ∗
is not even needed).
In this paper, we show that the natural generalization to unbounded closed
operators is untrue even when both T and T ∗ are injective. The main idea comes
from an explicit example of a closed densely defined T such that (obtained recently
in [4]):
D(T 2) = D(T ∗2) = {0}
(other examples of higher powers may be found in [7]). To digress, readers may
think a priori that the example here is weaker than Chernoff’s famous example [2],
given that the operator there is also symmetric and semi-bounded. In fact, the two
examples are just of different calibers. Let us elaborate a little more. In Chernoff’s
case, it is impossible to have D(T ∗2) = {0}. Indeed, since T is symmetric and
densely defined, i.e. T ⊂ T ∗, then T ∗T ⊂ T ∗2. By the closedness of T , it results
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that T ∗2 must be densely defined as T ∗T is self-adjoint, and in particular densely
defined. Another nuance, both T and T ∗ in the example in [4] are also injective
(which was missed by the authors there).
2. Main Counterexample
The counterexample may be considered simple, however, it was obtained from
two recent papers as well as the powerful tool of matrices of operators.
Theorem 2.1. On some Hilbert space, there is a closed densely defined operator
T such that both T and T ∗ are one-to-one and paranormal, yet T is not normal.
Proof. The Hilbert space in question is L2(R)⊕L2(R). From [4], we have an explicit
example of a densely defined unbounded closed operator T for which:
D(T 2) = D(T ∗2) = {0}.
More precisely,
T =
(
0 A−1
B 0
)
on D(T ) := D(B) ⊕ D(A−1) ⊂ L2(R) ⊕ L2(R), and where A and B are two
unbounded self-adjoint operators such that
D(A) ∩D(B) = D(A−1) ∩D(B−1) = {0}
where A−1 and B−1 are not bounded (as in [5]). Hence
T
∗ =
(
0 B
A−1 0
)
for A−1 and B are both self-adjoint. Observe now that both T and T ∗ are one-to-
one since both A−1 and B are so.
Both T and T ∗ are trivially paranormal because D(T 2) = D(T ∗2) = {0}. So
paranormality of both operator need only be checked at the zero vector and this is
plain as
‖Tx‖2 = ‖T 2x‖‖x‖ = 0 and ‖T ∗x‖2 = ‖T ∗2x‖‖x‖ = 0
for x = 0.
However, T cannot be normal for it were, T 2 would too be normal, in particular
it would be densely defined which is impossible here. 
3. An open problem
Recall that thanks to the closed graph theorem, everywhere defined closable
operators are automatically bounded. This includes the classes of symmetric and
hyponormal operators among others. Since some densely defined paranormal oper-
ators are not necessarily closable as was already observed in [3] or in [8], it would be
interesting to find an unbounded paranormal operator which is everywhere defined.
Can we find such example?
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